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and for each triple of indices i,j,k such that 1 ≤ i,j,l ≤ n, there is a tie between the
maximum value of M(i,j), M(i,l) and M(j,l).
The values in the ultrametric matrix M, represent the lowest common ancestor in
the rootedphylogeny,that is the valueof M(i,j) correspondsto the internal nodeofthe
phylogeny that is the lowest common ancestor between taxa i and j. Figure 3 presents
a rooted phylogeny, where the internal nodes have been labeled. The labels correspond
to integers in decreasing order from the root to the leaves. On the right side of the ﬁgure
is representedhalf of the associated ultrametric matrix. In [4] it is exploredthe relation-
ship between rooted phylogenies and ultrametric matrixes and presents an algorithm to
obtain a rooted phylogenyfrom the associated ultrametric matrix in polynomial time.
It was proven in [10] that in order to obtain an optimal phylogeny,the values of the
entries of M can be restricted to 1 ≤ M(i,j) ≤ ⌈n
2⌉. To encode the values of M(i,j)
the PBO model introduces a set of Boolean variables Mi,j,k where 1 ≤ i < j ≤ n and
1 ≤ k ≤ ⌈n
2⌉. Mi,j,k has value 1 iff M(i,j) = k, otherwise Mi,j,k is 0. To ensure that,
for each pair (i,j), one and only one of the variables Mi,j,k is selected to be true, the
model introduces the following constraint:
⌈ n
2 ⌉ X
k=1
Mi,j,k = 1 (1)
The value of each M(i,j) variable is given by M(i,j) =
P⌈ n
2 ⌉
k=1 k × Mi,j,k.
To ensure that the resulting matrix M is ultrametric, one of the following three
conditions must be satisﬁed, for each 1 ≤ i < j < l ≤ n:
M(i,j) = M(i,l) ∧ M(i,l) > M(j,l), or (2)
M(i,j) = M(j,l) ∧ M(j,l) > M(i,l), or (3)
M(j,l) = M(i,l) ∧ M(i,l) > M(i,j) (4)
The PBO model associates three new Boolean variables c1i,j,l, c2i,j,l, c3i,j,l with
constraints (2), (3) and (4), respectively. Each of the variables cxi,j,l is true iff the
associated constraint is satisﬁed.
Constraint (2) is the logical AND of an equality constraint and a greater than con-
straint.InthePBO modeleachoftheseconstraintsisassociatedwithadditionalBoolean
variables, respectively, c11
i,j,l and c12
i,j,l. c11
i,j,l = 1 iff M(i,j) = M(i,l), and can
be implemented with a comparator circuit on the unary representation of M(i,j) and
M(i,l), using variables Mi,j,k and Mi,l,k. c12
i,j,l = 1 iff M(i,l) = M(j,l), and can
also be implemented with a comparator circuit on the unary representation of M(i,l)
and M(j,l), using variables Mi,l,k and Mj,l,k. As a result, c1i,j,l is deﬁned as:
c1i,j,l = AND(c1
1
i,j,l,c1
2
i,j,l) (5)
Variables c2i,j,l and c3i,j,l are encoded similarly. Finally to guarantee that one of
the conditions (2), (3) or (4) is satisﬁed, the PBO model uses the following constraint:
c1i,j + c2i,j + c3i,j ≥ 1 (6)
As the objective is to computethe phylogenythat maximizes the numberof quartets
that can be satisﬁed, then with each quartet is associated with a Boolean variable qt,